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Abstract

This work is concerned with a novel way of studying the basic structural and transport properties of porous
Ž .membranes. Formulae have been derived for: the total number N of pores in the membrane; and mean square

Ž . Ž .radius r of pores and for selective membranes: the mean square radius r of pores impermeable to solutes andk ka
Ž .mean square radius r of permeable pores. The result of the investigation is the proposal of a new researchkb

Ž .procedure osmotic for the determination of the linear dimensions of solutes. � 2001 Elsevier Science B.V. All
rights reserved.
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1. Introduction

By porous membrane we mean a thin solid
partition that has a statistical number N of pores
of relatively small sizes, which are, however,
permeable for the solvent. In a typical porous
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membrane like cellophane, nephrophane or collo-
Ždion membranes, the pore linear dimensions the

.radii of their cross-sections are randomly dis-
tributed. Such a model membrane is assumed to
have cylindrical pores oriented normal to its sur-
face. The pore distribution within a membrane is
also random. They can, however, be ordered in a

Ž min .series from the smallest pores r to the largest1
Ž max .ones r .N

Therefore, we assume that in such membranes
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� �pore size distributions 11,15 can be expressed by
the function:

dn Ž .� f rNd r

where dn is the number of pores of radii within
the interval r� r�d r.

The problem of permeability of such mem-
branes towards solvent and solute molecules is, in
general, very complicated as shown in the papers
� �1�7,9,10,12,13,16,18 . Without going into details,
one can say that permeability is determined by
the physico-chemical properties of membranes
and the solutions they separate. In the case of
non-electrolytes, it is reasonable to assume that
the main determinants of permeability are the
dimensions and number of pores within mem-
brane as well as the linear dimensions of solute
and solvent molecules. Based on this, membranes

Ž .can be classified as non-selective permeable ,
selective and semi-permeable.

A membrane is termed non-selective if all of its
pores are permeable both to solvent and solute
molecules. However, for a given membrane, a

Ž .solute of molecular radius r can be chosen,s
which does not permeate through a certain num-

Ž .ber n of pores of dimensions from the intervala
Ž min .r � r � r . The remaining pores n �N�n ,1 a s b a

Ž max .of radii within the interval r � r � r ares b N
permeable to the solute molecules. The mem-

� �brane is then treated as selective 10,16 .
A special case is when all the pores of a mem-

brane are impermeable to the chosen solute. This
occurs when r max � r . A membrane satisfying thisN s
condition is called semipermeable.

For such membranes we firstly consider the
� �problem, known from literature 15 as the de-

termination of the total number of pores N and
2'their mean square radius r � r .k

� �Next, we postulate as previously stated 10,16 ,
that a single pore has a reflection coefficient
� �1 or 0. From this we derive the formulae forp
the mean square radii of permeable and im-

2permeable pores of a selective membrane, i.e. ra
2and r , and their mean square radii where rb k a
2 2' '� r and r � r . This, essentially, is thea k b b

new contribution of this paper.

Finally, we postulate based on literature data
� �10,11,15�17 , that the distribution of pore linear
dimensions in a porous membrane has a Gaussian
probability density. Consequently, we attempt to

Ž .determine the pore size radii distribution in a
membrane. We also propose a new research
procedure for the determination of linear dimen-
sions of solute molecules using membranes. The

Žprocedure has been verified experimentally using
.a nephrophane membrane for the molecular radii

of glucose and sucrose in solution.
To these introductory remarks we should add

that certain membrane methods for finding the
solute molecular sizes have been applied by other

� �authors 5�7,19 . These earlier methods have been
mostly based on the membrane transport equa-
tions derived by Kedem and Katchalsky within
the framework of thermodynamics of irreversible

� �processes 12 . Interpretation of these equations
is unclear. Therefore, unclear too are the meth-
ods based on them.

On the other hand, our method is based on
mechanistic considerations. Its interpretation is
thus, entirely clear.

This paper creates, in our opinion, new possi-
bilities for further studies, both biophysical and
technological, on finding solute molecular sizes as
well as structural properties of porous mem-
branes.

2. Determination of the total number N of pores
in a membrane and their mean square radius

2.1. Analytical considerations

The subject of our considerations here is a
Žporous membrane M of active surface S which is

the area of its contact with the bathing solutions
.on both sides and thickness d, containing a sta-

tistical number of pores N permeable to the
solvent. A typical porous membrane like cel-
lophane, nephrophane or collodion membranes,
has its pores varying with respect to linear dimen-

Ž .sions radii . They are also randomly distributed
within the membrane. In such a model membrane
one can assume that the pores are of cylindrical
shape and perpendicular to its surface. With re-
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ŽFig. 1. Membrane system A,B, compartments; M, membrane;
K , capillary; m,m, stirrers; C ,C , concentrations; P ,P , me-p 1 2 1 2

.chanical pressure; J , flux; and �, average velocity .� N

spect to sizes, the pores can be arranged in a
Ž min .sequence that begins with the smallest r and1

Ž max .ends with largest r :N

r min � r � ...� r � ...� r max .1 2 i N

Let us consider the situation when the mem-
brane separates two compartments A and B con-

Ž .taining a solvent C �C �0 with viscosity co-1 2
efficient �. Let the solvent be subject to different
mechanical pressures P and P . Such a situation1 2
is illustrated in Fig. 1. Due to the pressure dif-
ference � P � P � P � 0, the solvent flows1 2
through the pores with various velocities:

� min �� � ...�� � ...�� max .1 2 i N

Applying the Poisseuille law to the respective
Ž � �.flows see 7,9,11,14,15 , we obtain:

� P 2 Ž .� � r 18�d

where

N1 Ž .� � � 2Ý iN
1

is the mean velocity and

N12 2 Ž .r � r 3Ý iN
1

is the mean square radius.

Let us now recall the definition of the mean
velocity of solvent flow through a pore of cross-

2section S��r , i.e.

�V �V Ž .� � � 4
2St �r t

where �V is the volume of solvent that has
flowed through a pore of mean cross-section S in
time t.

Ž .Using that definition, Eq. 1 can be rearranged
to the form:

22� rŽ . Ž .�V� � Pt . 58�d

Since there are N pores in the membrane, we
have �V �N�V. Hence, the total flux across theN
membrane equals:

22N� rŽ . Ž .�V � � Pt . 6N 8�d

The unknown quantities in this formula are N
2and r . We need a second equation to find them.

Let us then consider the volume �V of thep
solvent that fills the membrane pores. This quan-
tity can be written as:

2 Ž .�V �N�r d. 7p

Ž . Ž .Eqs. 6 and 7 constitute a system with two
2Ž .unknowns N and r . Solving this system of

� �equations we obtain the formulae 15 :

�V 2� Ptp Ž .N� , 838�� d �VN

and

2 28�d �V 8�d �VN N2 2'r � and r � r � ,k (�V � Pt �V � Ptp p

Ž .9

where r is the mean square radius. Based on thek
above formulae, and knowing �V , �V , � P, t, �N p
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and d, one can, for a given membrane, calculate
2 2'N, r , r � r and also the total cross-sectionk

area of all pores:

2 Ž .S �N�r . 10N

Continuing the considerations, we divide Eq.
Ž .6 by S t and obtain:N

2�V rN Ž .� � P . 11S t 8�dN

This equation can also be rewritten as:

Ž .J �L � P 12� N pN

where

2r Ž .L � 13pN 8�d

Žis the real filtration coefficient hydraulic conduc-
.tance of the membrane, and

�VN Ž .J �� � 14� N S tN

is the real volume flux.
At this point we stress that in research practice,

conducted mainly with the use of the
� �Kedem�Katchalsky formalism 8,12,13 , the fol-

lowing definition of volume flux is used:

�V
J �� St

where S is the so-called active surface of a mem-
Žbrane i.e. membrane area in contact with the

.bathing solutions . It should also be noted that
for many membranes the strong inequality S�SN
holds, but it becomes weaker the more porous the
membrane. It is very often assumed that S �S,N
which seems a crude approximation.

2.2. Sample experimental results

We apply the analytical results presented above
to selected experimental data for nephrophane
membrane. Using the measuring system pre-
sented schematically in Fig. 1, it was shown that

Ž �4 2the membrane of effective area S�7�10 m
�4 .and thickness d�2.5�10 m is permeated by

a volume of water �V �8.25�10�9 m3, duringN
time t�300 s and under a mechanical pressure
� P�P �P �8338.5 Nm�2. Next, it has been1 2
determined by weighing a wet and a dry disk of
the membrane of radius r �1.5�10�2 m, that0
the water volume contained within membrane

Ž .pores and thus, the pore volume is �V �11�p
10�9 m3.

Ž . Ž . Ž .Now, taking into account Eqs. 8 � 10 , 12
2 2Ž . 'and 14 , the quantities r , r � r and N havek

been calculated. Also the real values of the effec-
tive area S , volume flux J , and filtration co-N � N
efficient L , have been determined. Values ofpN
these quantities are given in Table 1.

From these calculations it follows that the ef-
fective membrane area is S�7�10�4 m2 and is
significantly larger than the real effective area SN

2 �4 2Ž .of the membrane S �N�r �4.38�10 m .N
This section, together with Table 1, is the starting
point for further analysis.

Table 1
Data for nephrophane membrane

2 2r r N S �N� r J Lk N � N pN
2 2 �1 3 �1 �1Ž . Ž . Ž . Ž . Ž .m m m ms m N s

�1 8 �9 13 �4 �8 �121.5�10 1.2247�10 9.3�10 4.38�10 6.278�10 7.52�10
�9 Ž 3. �5 Ž . Ž �2 . �9 Ž 3. 3 ŽOther data: �V �11�10 m ; d�2.5�10 m ; � P�8338.5 N m ; �V �8.25�10 m ; � �0.9982�10 kgp N H2O

�3 . �3 Ž �2 . Ž .m ; ��1.005�10 N s m ; and t�300 s .



( )M. Kargol et al. � Biophysical Chemistry 91 2001 263�271 267

3. Determination of membrane reflection
(coefficients and mean square radii: r ofk a

) ( )impermeable pores and r of permeable poresk b

3.1. Analysis

Let us now consider the case when compart-
ment A of the membrane system presented in
Fig. 1 is filled with a non-electrolyte solution of
concentration C . Compartment B is filled with a1
solution of the same substance of concentration
C lower than C ; possibly C �0. On the mem-2 1 2
brane separating the compartments there now is,
besides mechanical pressure � P�P �P , os-1 2

Ž .motic pressure ���RT C �C , where R is1 2
the gas constant and T the temperature. Let us
assume that the solute molecules are approxi-
mately spherical in shape with radii r within thes
interval r min � r � r max. This means that a certain1 s N

Ž .number n of pores from the total number N ,a
have radii smaller than r . In other words, theses
pores are impermeable to the given solute. Apply-
ing the notion of the membrane reflection coef-
ficient � to individual pores, thus introducing a

� �local interpretation of the parameter 10,16 , we
postulate that the reflection coefficient of each of
the n pores is ��1. The remaining pores n �a b
N�n , are permeable to the solute. The reflec-a
tion coefficient of each of these pores is � �0.b
Thus, we consider here a selective membrane.

Let us denote by L , the resultant filtrationpNa
Ž .coefficient of impermeable pores n and bya

L � the resultant filtration coefficient ofpN b
Ž .permeable pores n . Since there are pressureb

differences � P and �� on the membrane, we
can write the following equation for the volume
flux J that permeates the solute�impermeable� Na

� �pores 10 :

Ž .J �L � P�L �� 15� Na pNa pNa

since � �1.a
On the other hand, the volume flux through

� �permeable pores is given by the equation 10,16 :

Ž .J �L � P 16� N b pN b

since � �0.b

Since the resultant volume flux J , generated� N
in the system is the sum of fluxes J and J ,� Na � N b
which is expressed by the formula:

Ž .J �J �J 17� N � Na � N b

Ž . Ž .and taking into account Eqs. 15 and 16 , we
obtain:

Ž .J �L � P�L ��� 18� N pN pN

where

Ž .L �L �L 19pN pNa pN b

Ž .The quantity � appearing in Eq. 18 , and given
by the relation:

LpNa Ž .�� 20LpN

is treated as the membrane reflection coefficient.
In order to better explain this quantity, let us

Ž .consider Eq. 18 . It shows that there exists such a
value of pressure difference � P�� P for which,m
J �0 with ���constant �0. For this pressure� N
difference we have:

� P ���� .m

� �Hence, it follows that 10,16 :

� Pm Ž .�� . 21ž /�� J �0� N

This expression for the reflection coefficient is
identical to that obtained by Kedem and Katchal-

� �sky 12,13 .
Ž . Ž .Now, considering Eqs. 19 and 20 , we obtain

the following expressions:

Ž .L ��L 22pNa pN

Ž . Ž .L � 1�� L . 23pN b pN

These expressions are very important in what
follows, since they allow determination of the
coefficients L and L when L and � arepNa pN b pN
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Ž .known. However, we first rearrange Eqs. 15 and
Ž .16 to the form:

Ž . Ž .J �L � � P��� , 24� Na pN

Ž . Ž .J �L 1�� � P . 25� N b pN

The equations for the fluxes J and J can� Na � N b
Ž .also be written in a form analogous to Eq. 12 .

Then they have the form:

2ra Ž . Ž .J � � P��� , 26� Na 8�d

2rb Ž .J � � P . 27� N b 8�d

From the above four equations, we get

2 2r ra b Ž .�L � and �L 1�� .pN pN8�d 8�d

Hence, it follows that:

2 Ž .r �8�dL � , 28a pN

2 Ž . Ž .r �8�dL 1�� , 29b pN

and

Ž .r � 8�dL � , 30'k a pN

Ž . Ž .r � 8�dL 1�� , 31'k b pN

where r and r are the mean square radii ofk a k b
pores n and n , respectively. The last four equa-a b

2 2tions allow us to determine r , r , r and r . Ina b k a r b
the following sections we use the values of rk a
just computed to determine the solute molecular
radii r .s

3.2. Sample experimental results

Ž . Ž .Using Eqs. 18 and 21 obtained in the pre-
� �ceding section, one can routinely determine 8

the reflection coefficient � and filtration coeffi-
cient L of a membrane. To this end, it ispN

Žnecessary to measure using the set-up shown in
.Fig. 1 the volume flux J generated by the� N

Ž .pressure difference � P with ���0 . Then from
Ž .Eq. 18 we find the coefficient L . Next, afterpN

Ž .measuring � P�� P for which J �0 , we findm � N
Ž .from Eq. 21 the reflection coefficient � for the

Žsolute. Knowing these parameters i.e. L andpN
. Ž . Ž .� , it is easy to calculate from Eqs. 30 and 31

Ž .the mean square radii r for impermeable poresk a
Ž .and r for permeable pores .k b

Sample results for nephrophane membrane and
water solutions of glucose and sucrose are given
in Table 2.

Especially important are data referring to �,
r , � s and r s . They allow determination of thek a k a
mean square radius r of glucose molecules ands
the mean radius r s of sucrose molecules.s

4. Distribution of pore radii in a membrane. An
attempt at determination of the linear dimensions
of solute molecules

Let us take a porous membrane with a statisti-
cal number N of pores with random cross-section
radii. The pore radii can be arranged in a series:

r min � r � ...� r � ...� r max .1 2 i N

Table 2
Experimental data for nephrophane membrane with glucose and sucrose as solutes

Glucose solutions Sucrose solution
s s sŽ . Ž . Ž . Ž .� r nm r nm � r nm r nmk a k b k a k b

0.067 0.3178 1.187 0.093 0.3749 1.1708

Ž �3 . �4 Ž 2 . �5 Ž . �3 Ž �2 .Other data: C �100 mol m ; C �0; S �4.38�10 m ; d�2.5�10 m ; ��1.005�10 N s m ; and1 2 N
�1 2 Ž 3 �1 �1.L �7.52�10 m N s .pN
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This means that in porous membranes the pore
radii distribution can be expressed as:

dn Ž . Ž .� f r 32Nd r

where dn is the number of pores whose dimen-
sions are in the interval r� r�d r.

� �Based on various published reports 11,15,17 ,
we postulate that in a typical porous membrane
such as cellophane, nophrophane or collodion
membranes, the pore radii distribution of pores
permeable to a solvent is the Gauss function, i.e.
the normal distribution of probability density of a
random variable. This function can, for pores of
such a membrane, be written as:

dn h 2 2�h Ž r�r .pŽ . Ž .� f r � e , 33Nd r '�

where r is the most probable radius, h ap
Ž .parameter, and f r is the probability density of

the random variable r. A plot of this function is
presented in Fig. 2. It is symmetrical with respect
to r� r , where it has a maximum, and a bell-likep
shape. For such a curve it may be assumed that

2'r � r , where r � r is the mean square radiusk p k
of pores permeable to the solvent. An ordinate at
the point r� r � r halves the area under thep k
curve. It should be explained here that the chosen
value of parameter h should ensure a maximum
at r� r and the plot running near the pointk
r min �0.15 nm when water is the solvent. Such1
are the approximate linear dimensions of water

� �molecules 5,6 . The membrane can’t contain even
a single very large pore, or a number of such, as
this would disqualify the membrane as appropri-
ate for example osmotic processes.

For a membrane with a Gaussian pore distribu-
tion, one can select a solute of molecular radius
r that satisfies the relation r min � r � r max. As 1 s N
straight line drawn at r� r in the co-ordinates
system in Fig. 2, divides the area under the curve
into two parts, namely S and S . This means thata b

Ž min .pores from within the interval r � r � r are1 a s
impermeable for the solute, and the remaining
pores n �N�n , i.e. pores within the intervalb a
Ž max .r � r � r , are permeable for that solute.s b N

ŽFig. 2. Pore size distribution in the membrane description in
.text .

The considerations described above constitute
the starting point for an attempt to elaborate the
procedure for determining the linear dimensions
Ž .r of molecules of various solutes.s

In order to illustrate such a procedure, let us
take, for instance, the nephrophane membrane
previously studied. For that membrane we have
shown that the mean square pore radius r �k
1.2247 nm. Thus, we can write the Gauss function
� Ž .�Eq. 33 as follows:

dn h 2 2�h Ž r�r .kŽ . Ž .� f r � e . 34Nd r '�

This Gaussian has a maximum for r� r �k
1.2247 nm, and its graph stretches from 0 to �.
We are looking for a particular shape that reflects
the pore distribution for pores permeable to wa-
ter, i.e. pores from r � r �0.15 nm to r max.1 w N
Therefore, we need a value of parameter h for
which the Gaussian approximately stretches from

max Ž .r � r to r see Fig. 3 . We require that the1 w N
left tail passes near point r � r and the right tail1 w
� near r� r max. For these points, the values ofN
the Gaussian ought to be sufficiently small. We
estimate that the left tail of the Gaussian passes
sufficiently close to the point r � r , based on1 w
the criterion that the area S under the curve0
Ž .see Figs. 4 and 5 equal

rw Ž .S � f r d r ,H0
0
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Fig. 3. Gaussian distribution curve of pore sizes in
nephrophane membrane obtained for h�2.35.

is negligible compared to the area

rs Ž .S � f r d rH1
0

i.e. S �S . With this strong inequality, the num-0 1
ber of pores represented by the area S is even0
more negligible compared to the total number of
pores N in the membrane studied.

In order to satisfy S �S , we start with h�0 1
Ž .2.29 in Eq. 34 and gradually increase this value.

We determined that h�2.35 fulfils the inequality
S �S sufficiently well. Based on this, we claim0 1

� Ž .�that the Gaussian Eq. 34 with h�2.35 ade-
quately reflects the pore distribution in the stud-
ied membrane. As an additional justification of

Fig. 4. A fragment of the Gaussian distribution curve of pore
Ž .sizes in nephrophane membrane description in text .

Fig. 5. A fragment of the Gaussian distribution curve of pore
Ž .sizes in nephrophane membrane description in text .

Ž .this criterion and also the value of h�2.35 , we
Ž .note that radius r for glucose molecules is verys

Ž .close to the radius r of this solute molecules
� �obtained by crystallographic method 18 .

Having selected a value of h as described in
the preceding paragraphs we applied Gaussian
� Ž .�Eq. 34 with h�2.35 in the formula for the
average impermeable pore size r :k a

rs 22 Ž .r exp �h r� r d rH k
0 Ž .r � . 35k a rs 22 Ž .exp �h r� r d rH k

0

The parameter r is the unknown quantity ins
Ž .Eq. 35 , while r is determined for a particulark a

membrane and the particular solute as shown in
Section 3.1. The integrals were numerically com-

Ž .puted and the roots of Eq. 35 found using
Mathematical routines.

Ž .In particular, Eq. 35 was applied to glucose
and sucrose for which mean square radii of im-

Ž .permeable pores were found see Table 2 . For
glucose, we have r �0.3178 nm. Substitutingk a

Ž .this value to Eq. 35 we get r �0.406 nm. Simi-s
larly for sucrose, r s �0.3749 nm, which yieldsk a
r s �0.470 nm. These values are somewhat lowers
than obtained for the same solutes by other mem-

Žbrane methods r �0.44 and 0.53 nm, respec-s
. � �tively 19 . However, they are close to those
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obtained for glucose by crystallographic methods
� �18 , i.e. r �0.356 nm.s

5. Conclusion

The present work is a novel approach to the
basic problems concerning the structural and
transport properties of porous membranes. We
derive equations which can be used, e.g. for de-
termination of the number of pores N in a mem-
brane and their mean square radius r . For selec-k
tive membranes, analytical expressions for the

Žmean square radii r of pores impermeable fork a
. Ž .solute molecules and r of permeable poresk b

have been derived. Especially important is the
expression for the mean square radius of perme-
able pores:

r � 8�dL � .'k a pN

It creates new research possibilities. Based on
Žthis we designed a procedure for determining by

.using porous membranes linear dimensions of
solute molecules. The analysis presented in this
work has been illustrated and verified with experi-
mental results. They refer to nephrophane mem-
brane and water solutions of glucose and sucrose.
The determination of molecular radii of glucose
and sucrose is the final research result. The val-
ues of the radii are r �0.406 and r s �0.470 nm,s s
respectively. These values are somewhat smaller

� � Žthan the ones mentioned in the literature 19 i.e.
s .r �0.44 and r �0.53 nm, respectively and ob-s s

tained from other membrane techniques. We
would like to point out though, that our result for

Ž .glucose r �0.406 nm is close to the one ob-s
� �tained from the crystallographic method 18 , i.e.

r �0.356 nm.s

The results obtained in this work verify, to a
certain degree, the assumption that the pore size
distribution in a membrane is approximately
Gaussian.
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